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Abstract 
The sum of number of triangles in a graph and its complement containing a vertex u is 
obtained and some results are deduced. A characterisation of F^(G) is given, where G is a regular 
self-complementary graph and F(G) is the set of vertices in G each of which is contained in 
k(k- 1) triangles. The definition of F(G) is extended to any simple graph G. A conjecture of 
Kotzig is also discussed. 
1. Introduction 
We consider only finite, undirected graphs G with no loops and multiple edges. The 
symbols G, N(u), N[u] = {u} UN(U), d(u), C?(U), t(u), t(u), t(G) and G(S), respectively, 
denote the complement of G, (open) neighbourhood of the vertex u in G, closed 
neighbourhood of u in G, degree of u in G, degree of u in c, number of triangles in 
G containing U, number of triangles in c containing U, total number of triangles in 
G and the subgraph of G induced by S E V(G). We follow [l, 41 for notations and 
definitions not given here. 
A graph G is said to be self-complementary if G and G are isomorphic. Every 
self-complementary graph is connected with diameter 2 or 3 and of order 4k or 4k + 1 
for some natural number k. If it is regular also, then diameter is 2, order is 4k + 1 and 
regularity is 2k. For a self-complementary graph G, there exist isomorphisms CJ : G+c 
under which G and c are isomorphic. Such isomorphisms are usually called com- 
plementing permutations and the collection of all complementing permutations 
CJ: G+c is denoted by %‘(G). A vertex u in a self-complementary graph G is called 
a fixed point if a(u)=u for some a&(G). Ringel [8] and Sachs [9] independently 
proved that a self-complementary graph G of order p has no fixed point if p is 
even and has exactly one fixed point associated with each o&Y(G) if p is odd. 
Rao [7] defined the set F(G)={ue V(G)/a(u)= u f or some o&(G)} for a self-com- 
plementary graph G and the set F(G)= {ue V(G)/t(u)= k(k- 1)) for a regular self- 
complementary graph G of order p=4k+ 1 and proved that F(G) E F^(G) if G is 
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regular self-complementary and F(G)= V(G) if and only if G is vertex-symmetric 
self-complementary. 
Goodman [3] estimated the minimum value of t(G)+ t(G) for a graph G and 
Lorden [6] derived the exact value. Clapham [2] deduced the minimum value of t(,G) 
for a self-complementary graph G and the exact value for a regular self-complement- 
ary graph. 
Here we derive the value of t(u)+ F(U) for any vertex u in a graph G and deduce 
Lorden’s estimate of t(G)+t(G) for any graph G, Clapham’s estimate of t(G) for any 
regular self-complementary graph G and the result F(G) c F^(G) by Rao. A character- 
isation of F(G), which motivates to extend its definition to any graph G, is obtained. 
In the last section we discuss a conjecture of Kotzig [S] that F(G)=l(G) for regular 
self-complementary graphs G and point out an error in the proof of Theorem 2.3 
of [7]. 
2. Triangles 
We shall estimate the sum t(u)+?(u) of the number of triangles in a simple graph 
and its complement containing a vertex U. 
Theorem 2.1. Let G be a (p,q)-graph, then 
t(u)+t(u)= c d(v)-q+3[p--d(u)-11Cp--d(~)-21 
tEN(u) 
for every UE V(G). 
Proof. Let G be a (p, q)-graph and u be an arbitrarily fixed vertex in it and let d =d(u), 
N = N(u) and Iv = V(G)- N [u]. Then clearly, t(u) is the number of edges in G(N) and _ - 
c(u) is the number of edges in G(N). Also INI=d and lNl=p-d-l. 
Now let, 
D= c d(u) and D= c d(v). 
EN EN 
Then 
D+d+d= c d(v)=2q. 
“E V(C) 
The contribution to D by the d edges of G incident at u is d and by the t(u) 
edges in G(N) is 2t(u). So the number of edges in G with one end in N and 
other end in 15 is 
D-d-2t(u). (1.1) 
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The number of edges in G(N) is $(p-d-l)(p-_-2)-f(u) and the contribution of 
these edges to D is (p-d- l)(p-d-2)-2f(u). So, the number of edges in G with one 
end in N and other end in N is 
D-(&J--d- l)(p-d-2)+2f((u). (1.2) 
Obviously, the quantities given by (1.1) and (1.2) are equal and consequently we get 
t(u)+S(u)=$[D-D-d+(p-d-l)(p-d-2)] 
=3[D-(2q-D)+(p-d-l)(p-d-2)]. 
So, 
for every UE V(G). 0 
(1.3) 
We can deduce the following known results. 
Result 2.2 (Lorden [6]). Zf G is a graph of order p and size q, then 
t(G)+t(@= ; 
0 
-(p-l)q++ C C441z. 
UE V(G) 
Proof. Since each triangle counts once at each of its vertices, 
t(G)+@)=+ 1 [t(u)+?(u)]. 
UE V(G) 
The result follows from (1.3) using the substitution 
c [ “c;(U, do]=,.& [WI’. q 
UE V(G) 
Result 2.3 (Clapham [2]). The number of triangles in a regular self-complementary 
graph G oforder p=4k+l is 3k(k-1)(4k+l). 
Proof. We have t(G)=t(@ and q=ap(p- 1) for a self-complementary graph and 
regularity of a regular self-complementary graph of order 4k+ 1 is 2k. The substitu- 
tions d = 2k, D = 4k2 and q = k(4k + 1) in (1.3) along with 
t(G)+t(G)=f c [t(u)++)] 
UE V(G) 
yields the result. q 
Result 2.4 (Rao [7]). F(G) E F^(G)f or every regular self-complementary graph G. 
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Proof. Let G be a regular self-complementary graph of order p = 4k + 1. Then (1.3) 
becomes 
t(u) + f(u) = 2k(k - l), 
and we have 
t(u)=t(u) for UEF(G). 
so 
t(u)=k(k- 1) and hence ueF^(G). 0 
We can also deduce the following as corollaries. 
Corollary 2.5. If G is a regular graph of order p with regularity r, then 
-ir(p-r- 1) for every ueV(G). 
Proof. After the relevant substitutions d = r, D = r 2 and q = f pr, ( 1.3) becomes 
t(u)+S(u)=&[(p2-3p+2)-3r(p-r-l)] 
=f(p-l)(p-2)-$r(p-r-1). 0 
Corollary 2.6. If G is a regular self-complementary graph of order p=4k+ 1, then 
(i) t(u)+f(u)=2k(k-1) for every UEV(G) and 
(ii) t(u)+ t(a(u))=2k(k- 1) for every UE V(G) and for every o&‘(G). 
Proof. (i) is an intermediate result in our proof of Rao’s result given above. 
(ii) For o&?(G) and UEV(G), it is obvious that t(a(u))=t(u) from definition of 
o&Z(G). Then the result follows from (i). 0 
Now we have a characterisation of p(G). 
Theorem 2.7. Let G be a regular self-complementary graph. Then u~f(G) ifand only if 
t(u) = f(u). 
Proof. Consider a regular self-complementary graph G of order p=4k+ 1. Let 
u~f(G). Then t(u)= k(k- 1) and hence T(U)= k(k- 1) by Corollary 2.6(i). So i(u)= t(u). 
Conversely, let t(u)= t(u) for some UE V(G). Then clearly t(u) = k(k- 1) because of 
Corollary 2.6(i). So u~p(G). q 
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Consequently, we can extend the definition of p(G) to any graph G as 
k(G)= {UE I’(G)/t(u)=f(u)}. 
As immediate consequences, we have 
(a) p(G)=F(G) for any graph G. 
(b) A vertex u in a (p, q)-graph G is in F(G) if and only if the size of the subgraph of 
G induced by the neighbourhood of u in G is 
+ c w--tq++CP--d(4-11 CP-W-21. 
EN(U) 
(c) Let G be a regular graph of order p with regularity r. A vertex u in G is in p(G) if 
and only if the size of the sub-graph of G induced by the neighbourhood of u in G is 
$ p-l ( > 2 -$r(p-r- 1). 
3. About a conjecture of Kotzig 
Kotzig [S] conjectured that F(G) = p(G) if G is a regular self-complementary graph. 
Rao constructed (theorem 2.3 of [7]) some graph of order p = 4k + 1 for each integer 
k 22 to disprove this. The o&(G) given is so that o(O)=O, a(4i+ 1) =4i+2, 
a(4i + 2) = 4i + 3, a(4i + 3) = a(4i + 4) and a(4i + 4) = 4i + 1 for non-negative integers i, 
where the vertices are labelled so that V(G)= {0,1,2, . . ..4k}. The observation in [7] 
that F^(G) = {0,2,4, . . . , 4k) is contradictory to our observation f(G )= f(G). This 
fallacy is due to the wrong observation that the neighbourhood of 2 induces the 
complete bipartite graph with bipartition { 1,5,9, . . . ,4k - 3; 6,10, . . . ,4k - 2) together 
with the isolated vertex 4. In fact {6,10, . . . . 4k-2) induces a complete subgraph due 
to the edges {4i+2,4j+2}, O<i,j<k-1, i#j. So t(2)=k(k-l)+i(k-l)(k-2) and 
t(l)=k(k-l)+&k(k-l)=k(k-l)-&(k-l)(k-2) for every k22 and consequently 
F(G)=(O) for k>3. 
So, for k 2 3, Rao’s examples fail to disprove the conjecture. Hence the conjecture 
holds for the regular self-complementary graph of order 5, does not hold for that of 
order 9 and still remains open for regular self-complementary graphs of order 
p=4k+l when ka3. 
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